The phenomena occurring when an uncased explosive charge is detonated in a fluid medium are examined by hydrodynamical methods.
Introduction
When a block of explosive is detonated, the gaseous products expand laterally behind the detonation wave. At the wave front their velocity relative to the wave is taken equal to the local velocity of sound, in accordance with the Chapman-Jouguet condition; but elsewhere in the gas field this relative flow is supersonic, and the expansion is so rapid th at the pressure along the axis of the charge falls to one-tenth of its value at the face, in a distance comparable with the thickness of the charge. The velocity of detonation, being far greater than the sonic velocity in the outer medium, causes a shock wave to be formed. For normal conditions in air, the shock wave meets the detonation wave on the surface of the charge, but it is possible, for certain initial conditions of the outer medium, to have the shock wave travelling ahead of the detonation wave, the possibilities being analogous to those for a pro jectile in flight.
The boundary between the gas and the outer medium is curved, and across it the stream velocities are discontinuous. In general, too, the shock wave is curved, and vorticity, resulting from the variation of entropy along and immediately behind the wave, spreads into the high-pressure region. Along each streamline when the outer medium is a perfect gas, the vorticity is, in fact, proportional to the pressure. Only when the shock wave is straight, the initial conditions in the medium being * Originally published as a Ministry of Supply report, January 1944. [ 524 ] uniform, is the motion irrotational. This has been the case, however, over all the field covered by the present investigation, since the shock wave was found to be straight for a considerable distance behind the detonation wave.
The treatm ent of these phenomena by hydrodynamical means presents, therefore, a complicated mathematical problem, and it does not seem possible to obtain an analytical solution in finite terms; thus recourse must be had to numerical integra tion of the equations involved. To make the problem more tractable the block of explosive and the gas and fluid fields are considered to be two-dimensional.
Certain difficulties are inherent in the numerical integration of the equations, on account of the sonic velocity of relative flow immediately behind the detonation wave. It was clear th at the problem could only be begun by obtaining analytical solutions which would enable boundary conditions to be stipulated along a line away from the face. The various types of analytical solution which it was necessary to seek are given in § § 5, 6 and 7, and in a subsequent section the question of accuracy achieved in the fitting of the boundary conditions is discussed.
In § 8 is to be found a general account of the way in which perturbations of the flow are carried through the gas field. I t shows how the conditions at a considerable distance from the corner are dependent upon conditions very close to the face on the axis of the charge, and demonstrates th at a simple Meyer expansion provides a remarkably accurate solution over a large part of the gas field.
Initial conditions
Throughout the present paper c.g.s. units are used. The block of explosive is •taken to be T.N.T., of which the unexploded density is l*5g./c.c., for which the observed velocity of detonation is 6790 m./sec. The thickness of the block is taken to be 2 cm. The velocity of the gases just behind the detonation wave, relative to the wave itself, is equal to the local velocity of sound ( § 1). a0 is taken to be 4697 m./sec. corresponding to a gas density of 1*895g./c.c. Tables of pressure-density relations and of density-gas velocity-velocity of sound relations were supplied by Mr C. R. Illingworth, who obtained them by using the results of two papers by Dr H. Jones (unpublished). In calculating the densities, the solid carbon was separated from the detonation products, in preparation for the application of the hydrodynamical equations for the flow of a compressible fluid.
The initial conditions in the outer medium were taken for half-saturated air at 60° F, with y, the ratio of specific heats, taken equal to T4Q5, the velocity of sound 341*359 m./sec., and the pressure 1015*9 mb. The Mach number for the incident air, moving with a velocity equal to the velocity of detonation, is 19*8911.
Mathematical formulation of the problem
The problem is considered to be two-dimensional, a section of the block normal to its surface and to the detonation wave (considered plane) being a rectangle. For the purposes of mathematical treatment, the rectangle is taken to be semi-infinite in length, although finite in breadth.
Except where otherwise stated, Cartesian axes moving with the detonation wave are used. The ordinates are measured parallel to the wave, and the abscissae parallel to the axis of symmetry. The origin is at the centre of the block face.
The detonation wave is supposed to travel steadily down the block, thus enabling the equations for steady motion in conjunction with the moving axes, to be applied to the field behind the wave.
The general features of the gas and fluid fields are shown in figure 1 . marks the line of separation between the gas and the outer medium and is a streamline for both media. The gas and fluid velocities are, in general, not equal along but the pressure is continuous across OD. The gas region is divided into the primary field and the secondary field, OC marking the boundary between them. The distinction between these two fields is chiefly of mathematical significance. In the primary gas field, defined by the singu larity at the corner and the boundary conditions along the detonation wave and axis of symmetry, all streamlines originate from the charge face and there is no streamline from the corner. But the line of separation of the gas and the outer medium must be a streamline from the corner in both fluids. Mathematically, the reconciliation is effected by the possibility of adjoining a secondary gas field to the primary field. The line of separation OC must be a characteristic (Goursat 1922) from the corner in the primary field, and the velocity and pressure must be continuous across it. The actual characteristic and the velocity and pressure distribution throughout the secondary field are then uniquely determined by the initial con ditions in the outer medium (in contradistinction to the distribution in the primary field which is independent of the outer medium). It is important to notice th at there is no singularity at the corner in the secondary field, so allowing the existence of a streamline from the corner. In the case of the semi-infinite block, where character istics from the corner are radii and conditions in the primary field are constant along radii, the secondary region is one of uniformity of velocity and pressure. For the finite block, O Ci s the characteristic whose initial direction is th at of the line separation in the semi-infinite block solution (for the same conditions in the outer medium). The hydrodynamical equations of motion ( § 4) for the secondary region are exactly those for the primary region.
Referring again to figure 1, OS is the shock wave in the sur region bounded by OS and OD is filled with fluid which has passed through the shock wave and which will, in general, be in vortex motion. Irrotational motion implies a straight shock wave (with uniform initial conditions in the outer medium).
General theory of gas field
Referred to the axes described in § 3, the equation satisfied by the velocity poten tial (j> of the relative motion is (" S-« 2)^ + 2"^+ ( « '2-"2) P = °-(4-!> (u, v) are the components of relative stream velocity in the x and y directions, a is the local velocity of sound, given in terms of the total velocity by Bernoulli's equation
where the suffix zero denotes values on the face. Equation (4*1) is integrated using the method of characteristics (Goursat 1922 These equations are converted into difference relations, using mean values, and then integrated numerically . The details of this process are given in § 9.
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A general picture of the characteristics is given in figure 2. The two sets radiate from the corners of the block, one set from each corner. This may be compared with the case of the semi-infinite block where one set of characteristics are simply radius vectors from the corner. The values of (u, v) a t any point of the field are obtained by integrating along the two characteristics through the point using the known boundary values. The boundary conditions in this problem are the given velocity charge th ick n ess 2cm. on the face, the vanishing of v along the axis of symmetry and the singularities expressing the existence of the corner. No difficulty arises from the axis condition, nor from the singularities, since the velocities immediately at the corners are pro vided by the Meyer solution. But a serious difficulty presents itself in the conditions near to and on the face, for the gradients of the characteristics tend to infinity as the face is approached, and in the limit the characteristics initially making a zero angle with the face coincide entirely with it. I t is, therefore, impossible to use equations (4-3) and (4-4), and in order to start on the problem at all, recourse must be had to some other means. The method adopted here is to obtain analytical solu tions in series form, valid near to the face and close to the corners. Effectively, this substitutes for the boundary conditions on x = 0 boun out into the field where the gradients of the characteristics are sufficiently small to permit using equations (4-3) and (4*4) to the degree of accuracy required.
Three different types of series solutions are used: (а) A solution in powers of x, covering the field near the face ( § 5).
(б) A solution in powers of 6 (the angular distance between the face and a radius from the corner), the necessary boundary conditions being given by (a) ( § 6).
(c) A solution in powers of r,using boundary conditions giv Finally, in § 8, a more general method of approach is used to indicate the extent of the region of validity of the solutions, and the way in which the existence of an axis of symmetry modifies the Meyer expansion near the block. (u,v) denote Cartesian components of velocity referred to the axes described in §4.
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Solution near the pace
The equation of continuity is
where suffix zero refers to values on the face. I t is required to find a solution in the form of a power series in x, valid in some region near the face. Assume the velocity potential 0 is expressible as Cp a? dp
Substituting the series into (5*1) and (5*2) and equating coefficients of powers of x, we obtain successively:
R. Hill and D. C. Pack
From the coefficients of xQ in (5*1) and x in (5-2), the same relation, viz.
From the coefficients of x in (5-1) and in (5*2), on elimination of P3 2a 2Po
The dimensionless quantity will, in future, be denoted by /?. Its value, obtained from the data described in § 3, is 4-8496. Since 3 + /? + 0, I\ = 0, and so
From the coefficients of x2 in (5*1) and x3 in (5-3), two equations are obtained from which P5 and P4 can be simultaneously eliminated to give a differential equation for P3, viz.
Integrating and using (5*4)
where t = P3(y)/P3(0). P3(0) is determined by the singularity a t (taking L to be half the width of the face). This is expressed mathematically by making the pole of the elliptic function involved in the solution of (5*6) correspond to = The justification of the assumption th at Pz{y) has a singularity at is given in § 6. The equation for P3(0) then becomes This expression serves to calculate P3 as far as r -1 to the accuracy required here.
I t was not found necessary to continue the series for (f) beyond the x3 term, and so the actual approximations used take the form u = a0+SP3(y)x2, 3.
(5-10)
The region over which these formulae were taken to hold will be described in § 9.
Solution fob small 6 with origin at a corner
Taking a corner as origin, and measuring 6 from the face of the block, it is required to find a solution of the equations, valid for small 0.
Using polar co-ordinates, let u be the component velocity along the radius vector, and v the transverse component. Assume the expansion for the velocity potential (j) to be 00 1 (6-1) giving (6-2) and v=drie = ¥ n + l ) 9 nf )&n-(6*3)
Further, assume (6-4)
Then if a0 = velocity of sound at the block face, and p0 is the density of the gas there, G0{r)=p0, Bernoulli's equation, giving relations between s and G's, is, as before, O /v 2 u* + v* = a l--(P ~Po)_ 2a2(p -p0)2 -2a3(/> -p0)3.
P o
The equation of continuity is 0 0
On substitution of equations (6-2), (6-3) and (6*5) in (6-7) and equating coefficients o f P° 6
G1a0r + 2p0Q2 -0, (6-8)
Po®o + + 2(r2«o+
® P o~ -(6-9) 2a | (6-10) r a § + ^e 3 + ^ = --(6-11) u r rz
Equations (6-8) and (6-10) are the same, but combining with equations (6-9) and (6-11) it follows th at , 2-Q| ( 3 + 2a 2~|) = 0.
The expression in brackets is non-zero ( § 5). I t follows, therefore, th at 
ascending in powers of r3 with
Cx arbitrary and Cn > 1) a func solutions the last two are discarded, since they do not tend to Meyer's solution near the corner. Equation (6-15) is now used to justify the assumption in §5 th at has a sin gularity a t y = 1. P3(y) is expanded in a series of positive and negative powers of (1 -y),and then the substitution y -1 -r( 1 -+ .. in the expression for the velocity potential in powers of x. The coefficients of 6, d3 are compared with the corresponding coefficients in the expression for the velocity potential in powers of d, viz. 
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Solution near the corner
u (r,6) and v(r, 6) denote (r, 6) components of velocity, where r is the distance from one corner and 6 the angular distance from the face. u{6), v{6), p{6), a(6), denote quantities in the semi-infinite block solution, constant along radius vectors. A solu tion is sought for the field near to and around a comer. The expansion in powers of r assumed for the velocity potential is <j)(r, 6) -ru(6) + rnRn(6) + higher powers of where n is some integer > 2 to be determined. The velocities are given by u(r,6) = u(6) + nrn~xR ...,
The corner condition is automatically satisfied since in the limit as r-> 0, and v(r, 6) tend to the semi-infinite block solution. For the density it is assumed that
On substituting the series in equation (7-5) and equating to zero the coefficient of rn~x, there results 2 nuRn + v K = ~a-H n, where all variable quantities are functions of 6 only". The rn~x t erm in the continuity equation
The elimination of Hn between equations (7-6) and (7*7) leads, after some reduction. to r-, ,
7^/
Yv nu
R"n has disappeared during the elimination, due to the relation v -a.
Integrating
S n(6) u^n~xhĜ
where Ci s a constant to be determined by the remaining boundary condition, viz. the equivalence of this expansion when 6 is small with th a t of § 6 when r is small. To order of 03, p in
P o
When the solution in § 6 is expanded for small r, it is found th at the first term of type 0zrn, where n> 2, is (A = 3 -( 3 ---P -) as in equation (5-9)).
It follows that 7,
and so
In the case considered in the present paper, when the block has a thickness of 2 cm., R7(6) increases from zero on 0 = 0 to a maximum about 48-4°, and thereafter decreases asymptotically to zero. R 7{6) attains a maximum positive value of 0-025 when 6 is 30° and a maximum negative value of -0-020 when 6i s 72° and then decreases numerically to zero. Thus the second of equations (7-2) and (7-3) are always very small compared with the first terms whenever ri s < say.
Equations (7-2), (7-3) and (7-4) make it possible to assess the accuracy to which the solution for a semi-infinite block holds in the case of a finite block in a region near a corner.
Since the perturbation terms depend on 6, the accuracy will be very good, cer tainly for r < As might be expected on physical grounds alone, the accuracy is least in the region 30° < 6 <75°, and highest in the region round th from the axis of symmetry.
General method of approximate solution
I t is possible to give a more general treatm ent of the way in which the solution in the gas field for a finite block differs from the solution for a semi-infinite block. Taking (r, 6) co-ordinates from one corner, let <f)(r, 6) be the velocity potential in the first case, and, as in § 7, let u (6) 
e, ^ and -^.-> 0 as r ->0 for all 6. dr r dd since The general integral of equation (8-6) is where Fi s a function to be determined by the size of the block.
Now the curves r2wexp^ -J = constant,
constitute the family of curved characteristics in the semi-infinite block solution, and equation (8-7) shows th at pue^/v is constant along each value of this constant is determined from the intersection of the characteristic with known boundary conditions. For example, the solution in §5 could be used. I t may be noted in passing th at by taking F(z) ~ z1 the solution in § 7 is found.
Returning to equation (8*7) the factor pu/v is itself constant along the other set of characteristics in the case of a semi-infinite block, i.e. along radius vectors from the corner. Thus e at any point of the field is determined by the product of two factors which parametrically specify the characteristics through the point. Theoretically it would be possible to use equation (8-7) to replace the individual solutions in § § 5, 6 and 7, but in practice the latter were found to be more convenient. Equation (8-7), apart from indicating in a general way how the presence of an axis modifies the Meyer solution, makes it possible to assess the extent of the regions over which the individual solutions may safely be used. The curved set of characteristics in the Meyer solution bend away rapidly from the corner in a manner closely resembling th at illustrated in figure 2. Since e2 varies like v/pu along such a characteristic and vjpu does not vary much for 0 > 5°, the size of e is of the same o between a given characteristic and the corner. This explains, for example, why the solution § 7 holds so much further out from the corner than solution § 5 does from the face, and also, in the case of a surrounding medium of air, why the shock wave is straight for a considerable distance from the corner.
D etails of the numerical integration
In the numerical integration of the equations it was hoped to obtain values accurate to within 1 in 500. In order to achieve this it was necessary to work to a much higher nominal accuracy, since an error in ( , v) a t any point causes a much larger percentage error in the evaluation of the co-ordinates of the point, and since errors accumulate as the field is developed.
The chief difficulty in obtaining the accuracy required is caused by the gradients of the characteristics tending to infinity as the block face is approached. In sub stituting conditions at a distance from the face, by means of the series solutions, a new source of error is introduced, namely, the terms omitted from the expansions. A balance had to be struck between the two cases. It was decided to take the series near the axis as valid for boundary conditions on = 0*1 from the axis of ± 0-5. The rest of the boundary conditions were supplied by the expansion near the corner in powers of r over a circular arc of radius 0-5, and by the vanishing of v on the axis of symmetry. The gas field was covered by the network of characteristics from the points taken on the boundary chosen above.
The values of the velocity components a t a point P of the field were obtained from nearby points on the two characteristics passing through P. The two points were called 'to p ' or 'bottom ', according as they lay on the characteristic through P emanating from the upper or lower corner of the block, respectively, and the suffixes T and B were used to distinguish them. The gradients of the characteristics were -denoted by p, p respectively, with the appropriate suffixes. In the equations which follow, quantities without suffixes refer to the point P for which (u, v,x, y) are to be found. In the approximate integration of the differential relations in §4, arithmetic mean values of the gradients are taken, and hence the differential relations are replaced by the following difference equations 
and ( x, y) are obtaining similarly from equations (9-2) in the form
(E -E ')y = r y T + (-E ')y B+ (-E 'E ')
{E-E )x -E xB+ ( -xT + 2(yy -?/jg).
(9-4)
The actual method of use of the equations involves successive approximations
Values of u, v having been guessed, the corresponding values of p are calculated, and then used in equations (9-3) to obtain more accurate values. When this process ends, the values of x, y are immediately obtainable from equations (9-4).
When the point P lies on the axis of symmetry, only one integration has to be performed, and the equations reduce to the simpler form 
(-E')
Diagrams based on the results obtained by the above methods are shown in figures 3 to 7 showing the distributions of the velocity components and the pressure at given distances from the block face, and the manner in which the velocity increases and the pressure drops, outwardly along the axis of the charge. The solution was 538 R. Hill and C. Pack carried out to a distance approximately equal to the thickness of the charge, where the pressure on the axis is already less than 10 % of its value j ust behind the detona tion wave.
distance from block in cm. distance from block in cm.
F ig u r e 4. The gas velocity along the axis. Figure 5 shows clearly one interesting feature of the pressure distribution. The crossing of the curves implies a local, temporary, increase in pressure behind the detonation wave in regions farther from the axis of symmetry than 1 cm. (i.e. farther from the axis than the corner of the charge). At greater distances from the detonation wave the pressure falls again. An allied phenomenon can be seen in figure 7 , where the transverse-velocity curves also cross.
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Calculation of the position of the shock wave
The discussion in § 3 shows th at the initial direction of (figure 1) is found from the semi-infinite block solution, and th at it depends on the conditions in the outer medium. The position of OC and velocity distribution along it the primary field solution. The velocity and pressure distributions in the secondary field are defined by the boundary conditions along and the initial conditions in the outer medium. The most convenient method to be adopted in numerical calculation seems to be th at of successive approximation, in which the position of an elementary segment of OD or OS is guessed. Each guess entails solving the field equations in the secondary region. In the vortex region behind the shock wave the field equations are analogous to those derived by Crocco (1936) with the appropriate generalizations when the surrounding medium cannot be treated as a perfect gas. The leading feature of vortex flow of a compressible fluid is th at each streamline is an adiabatic.
Along the streamline boundary OD, the vorticity in the outer medium is zero; this follows since the vorticity vanishes at the corner and is elsewhere proportional to the product of density and absolute temperature along a streamline. When the vorticity is everywhere small, it is sufficiently accurate to proceed from OS to OD along a characteristic in one step, and the numerical integration is then greatly simplified. This case occurs when the curvature of is small. When the outer medium is air (as in the present paper), the position of OC is such th at it lies in the part of the primary field closely approximating to the Meyer expansion and so OC is found to be straight for two charge widths (4 cm.) from the corner to the nominal accuracy of the calculations (1 in 5000). To this accuracy the shock wave is therefore straight up to the point where it is met by the characteristic from the point on OC distant 4 cm. from 0. A calculation shows th at the sh is straight for nearly 12cm. from 0. The shock wave then gradually bends round towards the axis of symmetry, until at a great distance from the charge it makes an angle with the axis equal to the Mach angle corresponding to air streaming with the detonation velocity under the given initial conditions of pressure and density.
The angles made with the axis by OC, OD and O expansion) to be
OC, 35-45°;
OD, 40-98°; OS, 54-52°.
Relatively to the detonation wave the air streams along OD with a velocity of 4054m./sec. and the gas with a velocity of 7021m./sec. The pressure behind the shock wave is 306-4 atm.
The authors are indebted to Mr C. R. Illingworth, who kindly supplied the tables of gas relationships referred to in § 2, and the numerical values quoted at the end of § 10; and to the Chief Scientific Officer, Ministry of Supply, for permission to publish this paper.
